In this review paper we carry on our investigations on Schrödinger operators with inverse square potentials on the half-line. Depending on several parameters, such operators possess either a finite number of complex eigenvalues, or an infinite one, but also some spectral singularities embedded in the continuous spectrum (exceptional situations). The spectral and the scattering theory for these operators is recalled, and new results for the exceptional cases are provided. Some index theorems in scattering theory are also developed, and explanations why these results can not be extended to the exceptional cases are provided.
Introduction
Levinson's theorem is a relation between the number of bound states of a quantum mechanical system and an expression related to the scattering part of that system. It was originally established by N. Levinson in [6] for Schrödinger operators with a spherically symmetric potential, and has then been developed by numerous researchers on a purely analytical basis. About 10 years ago, it has been shown that this relation can be interpreted as an index theorem in scattering theory, and the results of these investigations have been summarized in the review paper [11] . More recently, a scattering system involving several parameters has been exhibited in [3] and this system has been at the root of several extensions of Levinson's theorem: In [8] it has been shown that complex eigenvalues can also be counted, and in [5] a first attempt for dealing with an infinite number of eigenvalues has been introduced. However, some of the operators exhibited in [3] were not used for these extensions, and our aim in the present paper is to complete the investigations for the entire family.
Before entering into the details of our investigations, let us immediately mention that part of our aim has been unsuccessful. Indeed, for a reduced family of operators, we end up with wave operators which are either unbounded or not Fredholm. In such a situation, computing their Fredholm index is either much more involved or simply not possible. Nevertheless, we provide an exhaustive picture of the situation and describe the limitations of our approach. We hope that our presentation will motivate further investigations for the trickiest cases.
Let us now be more precise on the model and on the results, see also Section 2 for more details on the model. The initial system consists in a family of Schrödinger operators of the form −∂ 1 r 2 on the half-line R + . The parameter m ∈ C with ℜ(m) > −1 is used for describing the coupling constant for the potential. For m = 0 an additional parameter κ ∈ C is used for defining the boundary condition at r = 0, while for m = 0 another family of operators indexed by a boundary parameter ν is defined. The study of the corresponding families of closed operators H m,κ and H ν 0 in L 2 (R + ) has been initiated and extensively performed in [3] . Among all operators H m,κ and H ν 0 only a few are self-adjoint. They are exhibited in Lemma 2.2. In the large complementary family, some pairs of parameters (m, κ) and some parameters ν are called exceptional if they satisfy a prescribed condition provided in Definition 3.1. As shown in Remark 3.8 the corresponding operators H m,κ or H ν 0 possess spectral singularities in the continuous spectrum. Around these singularities the spectral and the scattering properties of these operators are less obvious, and for that reason these operators were not considered in [3] . Here, we shall consider all the operators, and provide as much information as possible even in the exceptional situations.
The spectral theory of the operators H m,κ and H ν 0 is provided in Section 3. The number of eigenvalues of these operators can be finite or infinite, depending on the parameters. For the exceptional operators, it is shown in particular that even though there is no eigenvalue embedded in the continuous spectrum, it is possible to construct a family of operators of the same type (but non-exceptional) having complex eigenvalues converging to a prescribed value in R + , see Lemma 3.3. These convergences take place either in C + or in C − depending on the choice of the initial exceptional parameters.
The next spectral result corresponds to a limiting absorption principle. For non-exceptional operators this limiting process takes place from below and from above the real axis in C, but in the exceptional cases some restrictions appear. More precisely, at the spectral singularity the limiting absorption principle holds only on one side of the real axis, the side free of possible accumulations of complex eigenvalues. These results are gathered in Propositions 3.5 and 3.6. Let us also note that even if most of the exceptional operators have only one spectral singularity, some have two spectral singularities (with corresponding limiting absorption principles in two different half-planes) and some have an infinite number of spectral singularities, converging both to 0 and to +∞.
The scattering theory for the pairs of operators (H m,κ , H D ) or (H ν 0 , H D ) is studied in Section 4. The reference operator H D corresponds to the Dirichlet Laplacian on R + (and is equal to H 1 2 ,0 ). Following the approach of [3] we start by constructing the generalized Hankel transformations F ∓ m,κ and F ν∓ 0 , and define the wave operators in terms of these transformations. Various representations are provided for these operators, but here again a special attention has to be paid to the exceptional cases. Indeed, for them either one or sometimes both wave operators are not bounded. A list of all unbounded wave operators is provided at the end of Section 4.
In the last section we provide some index theorems in scattering theory. This part contains new information but the framework corresponds to the one which already appeared in [8] and to part of the one used in [5] . The first step consists in providing a representation of the wave operators in the usual setting of pseudodifferential operators. Since this new representation is implemented by a unitary transformation, the bounded wave operators remain bounded, and the unbounded ones remain unbounded ! However, this representation is convenient for the introduction of some C * -algebras containing pseudo-differential operators of order 0 and with coefficients which are either asymptotically constant or periodic. These algebras contain all bounded wave operators, as stated in Proposition 5.1.
Once in this C * -algebraic framework, the way for index theorems is already paved and rather well understood. Indeed, by looking at some ideals in these algebras and by considering the quotient algebras, one ends up automatically with an index map which corresponds to our topological version of Levinson's theorem. For the model under consideration and depending on the parameters, one obtains either an index theorem for Fredholm operator or a so-called Atiyah's L 2 -index theorem [1] . These results are presented in Theorem 5.3 and 5.5. Note that the Fredholm case has already been considered for several models in [11] , and beside the usual contribution due to the scattering operator, two additional contributions are possible. In the original representation they correspond to corrections at 0-energy and at energy equal to +∞. Note also that in the present setting we are dealing with arbitrary complex eigenvalues while in reference [11] only real eigenvalues were considered. On the other hand, when the number of bound states is infinite, no such correction appears, and the new Levinson's theorem corresponds to an equality between the winding number computed over one period for the scattering operator, and a suitable trace in the Floquet-Bloch representation of the projection on the bound states of H m,κ . This situation coincides with a special instance of the results obtained in the seminal paper [1] where an index theorem is provided for elliptic operators on a non-compact manifold which are invariant under the action of a discrete group. The decomposition with respect to the group corresponds in our setting to the Floquet-Bloch decomposition.
Unfortunately, in Section 5 about index theorems the exceptional cases are no more considered. Indeed, as already mentioned some of the corresponding wave operators are unbounded, and therefore can not easily be associated to any C * -algebra. For the remaining wave operators still belonging to some C * -algebras, their principal symbol are not boundedly invertible. As a consequence, these operators are not Fredholm, and their analytical index can not be defined. It is quite unfortunate that the presence of a spectral singularity prevented us from defining any index theorem for the corresponding wave operators. Note that a related result about the non-completeness of the wave operators in the presence of spectral singularity has also been recently obtained in [4] . Some relations between spectral singularities and scattering theory have also been exhibited in [7, 12] , see also references therein. We hope that future investigations will provide new insights about these exceptional situations in our algebraic framework.
The model
In this section we introduce the model used for our investigations. This material is borrowed from [3] to which we refer for more explanations and for the proofs. Note that [5, 8] also contain partial information of this model.
For any m ∈ C we consider the differential expression These extensions are parameterized by a boundary condition at 0, namely for any κ ∈ C ∪ {∞} we define a family of closed operators H m,κ :
For m = 0, we introduce an additional family of closed operators H ν 0 with ν ∈ C ∪ {∞} :
Let us directly mention a few simple properties of these operators. For any |ℜ(m)| < 1 and any κ ∈ C ∪ {∞}, the equality H m,κ = H −m,κ −1 holds. For that reason, the case κ = ∞ will be disregarded in the following. In addition, the operator H 0,κ does not depend on κ, and all these operators coincide with H ∞ 0 (which has already been fully investigated in [2] ). For that reason, all results about the case m = 0 will be formulated in terms of the family H Based on this, the self-adjoint elements can easily be identified in the two families of operators. Indeed, one has:
The operator H m,κ is self-adjoint for m ∈ (−1, 1) and κ ∈ R, and for m ∈ iR and |κ| = 1.
(ii) The operator H ν 0 is self-adjoint for ν ∈ R. Let us finally note that the operator H 1 2 ,0 corresponds to the Dirichlet Laplacian on R + , which will be denoted by H D . Later on, this operator will play the role of a comparison operator.
Spectral theory
In this section we start by introducing the definition of an exceptional pair (m, κ) or of an exceptional parameter ν. We then show how these exceptional situations show off in spectral theory, by recalling a few spectral result obtained in [3] and by making some of them slightly more accurate.
In the sequel, we shall use the notations z → ln(z) for the principal value of the logarithm whose imaginary part lies in the interval (−π, π]. On the other hand, Ln(z) will denote the multivalued logarithm. This means that Ln(z) = {ln(z) + 2πiZ}, or equivalently if w satisfies e w = z, then Ln(z) is the set {w + 2πiZ}. We also introduce for m ∈ C * with |ℜ(m)| < 1 and for κ ∈ C the new parameter
where Γ denotes the usual Gamma function.
Let us immediately stress that ±π ∈ ℑ 1 m Ln(ς) are two independent conditions. Indeed by setting m = m r + im i ∈ C * with m i , m r ∈ R and |m r | < 1 one has
Thus, this equation can either be satisfied for α = π or for α = −π, or can be satisfied both for π and −π. Indeed, if m r = 0 both conditions are simultaneously satisfied if and only if the following system of equations is satisfied for some
On the other hand, if m = in for some n ∈ R * then (3.1) corresponds to α = − 1 n ln(|κ|) . Let us now recall some information about the point spectrum of the operators
where γ denotes the Euler's constant.
From this statement we can guess that σ p (H m,κ ) depends in a complicated way on the parameters m and κ. There even exists a pattern of phase transitions, when some eigenvalues disappear in the continuous spectrum. By looking carefully on the conditions appearing in the above statement we can see that the exceptional situations correspond to the borderline cases, and that the location of the eigenvalues are not arbitrary. More precisely if we set C ± := {z ∈ C | ±ℑ(z) > 0} then one has:
and assume that (a n ) n∈N converges to a ∞ ∈ R and that (b n ) n∈N is an increasing sequence converging to π. Then, for n large enough there exists λ n ∈ σ p (H mn,κn ) with λ n ∈ C + and λ n → 4e −a∞ as n → ∞. If (b n ) n∈N is a decreasing sequence converging to −π, then for n large enough λ n ∈ C − and λ n → 4e −a∞ as n → ∞. The value 4e −a∞ is not an eigenvalue for any operator H m,κ .
(ii) Let (a n ) n∈N ⊂ R be a sequence converging to a ∞ ∈ R and let
be an increasing sequence converging to π 2 . Then, for any n ∈ N and for ν n := a n + ib n one has
is not an eigenvalue for any operator H ν 0 . Proof. The proof simply consists in an application of Theorem 3.2.
Let us recall one more result related to eigenvalues. Later on, we shall need the following characterization of #σ p (H m,κ ), i.e. of the number of eigenvalues of H m,κ .
Proposition 3.4 (Proposition 5.3 in [3])
. Let m = m r + im i ∈ C * with |m r | < 1, and let κ ∈ C * .
(i) If m r = 0 and
(ii) If m r = 0 and
Let us now turn to the continuous spectrum for the operators H m,κ and H ν 0 . It has been shown in [3] that [0, ∞) belongs to the spectrum of all these operators. In addition, a limiting absorption principle has been exhibited. Such a result corresponds to the existence of a boundary value of the resolvent on (0, ∞) when considered in some weighted Hilbert spaces. For that purpose, we introduce for t > 0 the weighted spaces H t and H −t with H t the domain of the operator R t of multiplication by the function r → r
, and H −t stands for its dual space. We also recall the definition of the Bessel functions for dimension 1 as introduced and motivated in [3] , namely the modified Bessel function for dimension 1
the Hankel function of the 1st kind for dimension 1 H In the following statements, we recall the limiting absorption principle obtained in [3] and improve the statement in the exceptional situations. The operators H m,κ and H for their resolvents. We also set when κ = 0
As a consequence of the observation made after Definition 3.1 the set Ω 
exist in the sense of operators from H t to H −t for any t > 1 2 , uniformly in k on each compact subset of R + . The kernel of R m,κ (k 2 ± i0) is given for
and the same expression with the role of r and s exchanged for 0 < s < r.
(
For the next statement we set
Proposition 3.6. Let ν ∈ C, and let k > 0.
(i) If ν is not an exceptional parameter, then the boundary values of the resolvent
exist in the sense of operators from H t to H −t for any t > 
Proof of Propositions 3.5 & 3.6. In the non exceptional situations, these statements already appeared in [3, Thm. 6.1 & Prop. 7.1] while in the exceptional situations the statements above are slightly more precise than the corresponding ones in this reference. In fact, the only difference is that a more careful analysis of some numerical prefactors is considered here. Namely, let us consider the following equivalences:
whenever such z ± ∈ Z exist. Then, the convergences mentioned in the statement only hold if the factor 1 − ςe ∓iπm k 2 2m −1 does not vanish, and the previous computation explains the necessary restriction in the exceptional situations.
For the second statement, it is sufficient to observe that
and the same argument allows us to conclude.
Before turning our attention to scattering theory, let us add two remarks related to the above limiting absorption principle: 
exist in the sense of operators from H t to H −t for t > 
Scattering theory
In this section we review the scattering theory for the operators H m,κ and H ν 0 as developed in [3] . However, exceptional situations were disregarded in this reference, so we also provide new information about the corresponding operators.
First of all, let us recall the definition of the Hankel transform. For any m ∈ C with ℜ(m) > −1 we set F m : In order to get a better understanding of these operators, let us provide a slightly modified presentation of them. For that purpose, we define the unitary and self-adjoint transformation J :
for any f ∈ L 2 (R + ) and r ∈ R + . We also denote by A the generator of dilation group in L 2 (R + ), namely the generator of the unitary group {U τ } τ ∈R satisfying [U τ f ](r) = e τ /2 f (e τ r) for any τ ∈ R, f ∈ L 2 (R + ) and r ∈ R + . Finally we introduce the bounded and continuous function Ξ m : R → C defined for t ∈ R by
We can now provide a slightly generalized version of [3, Lem. 6.3] :
Lemma 4.1. For any m ∈ C * with |ℜ(m)| < 1 and any κ ∈ C the following equality holds: Similarly, for any ν ∈ C we define the incoming and outgoing Hankel transformations F ν∓ 0
given by the kernels for r, s ∈ R + :
However, a better understanding of these transformations can be obtained with the subsequent formulas: Lemma 4.2. For any ν ∈ C the following alternative description of F ν∓ 0 hold:
If ν is not an exceptional parameter, then this equality holds between bounded operators, while if ν is an exceptional pair, then: Note that H D for the reference operator is chosen for simplicity, but other choices are possible and lead to interesting phenomena, as emphasized in [5] . In [3] the wave operators are defined by the formulas
However, since some of these operators are unbounded in the exceptional cases, we shall use a unitarily equivalent definition for these operators, namely we shall consider
and
As a direct consequence of Lemmas 4.1 and 4.2 most of these operators are bounded and thus well defined on L 2 (R + ). However, in the exceptional cases some of the operators F ± m,κ are not bounded, and thus were only defined on suitable domains. For that reason the corresponding wave operators are also only defined on the same domains. For completeness, let us enumerate the operators which are unbounded, and consequently which require a special attention for their definition: can be defined on a natural domain for the unbounded multiplication operators, but it is not clear if this domain can be extended due to some cancellations with the other factors. In the above statements, we took the precautious attitude of not expecting any improvement, and for that reason we mentioned that some wave operators are unbounded. It would certainly be interesting to further investigate in this direction and get a better description of the maximal domain of these operators and of their range. So far, our attempts have not been successful.
Index theorems
In this section we provide the algebraic framework which leads to a topological version of Levinson's theorem. This framework for the current model already appeared in [5, 8] , but we extend the results presented in these references in three directions. Indeed, we shall consider systems with arbitrary eigenvalues (complex or real) and in arbitrary number (finite or infinite). In the former reference, only real eigenvalues were considered (which means only self-adjoint operators H m,κ were studied), and in the latter only a finite number of complex eigenvalues were considered. In addition, we also provide an index theorem for the pair (H ν 0 , H D ) which has never been exhibited before.
Our first task is to provide a more familiar but unitarily equivalent representation of the wave operators. Indeed, since the operators A and B := ln and
This representation is more familiar since these operators correspond now to pseudo-differential operators. Our second task is to observe that these operators are made of functions of D and X which have precise properties. For that purpose, let us set when κ = 0
These sets are the counterparts of Ω 
Formally the following equalities hold: We also introduce two non-commutative algebras which are going to nest the wave operators W ∓ m,κ and W ν∓ 0 . Firstly, we consider the unital C * -subalgebra of B L 2 (R)
Secondly, for any n > 0 we introduce the unital C * -subalgebra of B L 2 (R) one easily deduces the following statement, see [5] and [8] for similar results. The following operators belong to E |n| :
is not an exceptional pair and m = in for some n ∈ R * ,
. In all other cases, the wave operators are not bounded and do no belong to any C * -algebras.
Remark 5.2. When an operator is unbounded, it can not belong to any C * -algebra but it is still possible that its resolvent belong it. It is thus a natural question to check if the unbounded wave operators belong to the C * -algebras introduced above. Since some essential information on these operators are still missing, as already mentioned in Remark 4.3, we can not answer this question.
Once we know that the wave operators belong to very explicit C * -subalgebra of B L 2 (R) , the third task consists in studying these algebras and their structures, and to deduce a suitable C * -algebra framework for deducing index theorems. The two algebras E o and E n will be studied independently, and we shall start with the former one.
The key observation for the analysis of E o is that the ideal of compact operators K R := K L 2 (R) corresponds to the C * -algebra generated by products of the form a(D)b(X) with a, b ∈ C 0 (R), with C 0 (R) the algebra of continuous functions on R vanishing at ±∞. Then, one easily infers that E o /K R is isomorphic to C( ), the algebra of continuous functions on the boundary of the closed square . Note that the unital quotient morphism q o : E o → C( ) is uniquely determined by
In fact, the above notation corresponds to an embedding of the algebra C( ) as a subalgebra of
given by elements (Γ 1 , Γ 2 , Γ 3 , Γ 4 ) which coincide at the corresponding end points, that is, Γ 1 (−∞) = Γ 2 (−∞), Γ 2 (+∞) = Γ 3 (−∞), Γ 3 (+∞) = Γ 4 (+∞), and Γ 4 (−∞) = Γ 1 (+∞). can be computed, but they are not presented for brevity.
Before stating our first index theorem with the data mentioned above, two more information coming from scattering theory are necessary. The first one is related to the scattering operator. Let us recall that for a scattering system defined by the pair of operators (H m,κ , H D ) the scattering operator S m,κ is given by the product W ∈ C( )). The details are provided in [8] . Note that the following statement applies for the cases I.1) and I.4) of Proposition 5.1. Let us still recall for clarity that the index of a Fredholm operator corresponds to the difference between the dimension of its kernel and of its cokernel. This index will be denoted by Index in the sequel. Note that the l.h.s. of the above statement contains four contributions, one for each function living on the edges of the square. As already mentioned, the contribution of Γ 2 corresponds to the one of the scattering operator. In addition, the contribution due to Γ 1 and to Γ 3 correspond to corrections to Levinson's theorem. Explanations on these corrections have been provided in [11] and are quite common in any statement about Levinson's theorem. In our approach, these corrections are automatically taken into account. are well defined. However, since these functions vanish at one point on their winding numbers are no more well-defined. Accordingly, the corresponding wave operators are not Fredholm operators, and thus their analytic indexes are also not well defined.
number corresponds to number of times the function t → f (t) turns around 0 ∈ C when t runs on γ.
Let us now turn our attention to the algebra E n for n > 0. Clearly, this algebra does not contain K R , and thus the previous construction does not apply. In fact, this algebra contains all pseudo-differential operators of order 0 with periodic coefficients. In such a case the ideal K R has to be replaced by the ideal J n defined by
Then, the quotient algebra E n /J n can easily be computed and is isomorphic to
Now, let us consider n ∈ R * and compute the image of W 
Then, if S(R) denotes the Schwartz space on R, the map U n :
extends continuously to a unitary operator. The adjoint operator is then given by the formula
Moreover, one has Let us emphasize that the l.h.s. corresponds to the natural analytic index Index n defined in terms of Tr n and evaluated on W − in,κ . A proof for such a statement is provided in [5] but is valid only if H in,κ is self-adjoint. This takes place if and only if |κ| = 1. For completeness we provide below an adaptation of the proof valid in the more general context of the present paper. We shall show in this proof that the above equality can only take two values: either −1 when H in,κ has an infinite number of eigenvalues, or 0 when this operator has no eigenvalue.
Proof. In this proof we assume that κ = 0 since in this case the statement is trivially satisfied. From the equalities
together with the equality 
we infer that the Schwartz kernel of the operator a D
is tr θ -trace class for a.e. θ ∈ [0, 2n) we obtain
and then
Note that these formulas are valid if a has a fast enough decay, which will be the case in the sequel. In addition, note also that the last term depends only on the 0-th Fourier coefficient of the function b. For the last step, observe that since the function F in,κ is a smooth π n -periodic function, its Fourier series converges uniformly. We can thus write F in,κ (X) = ℓ∈Z c ℓ e 2inℓX . Using the relation e isX g(D)e −isX = g(D − s), which holds for any g ∈ C b (R) and s ∈ R, we obtain I in,κ = ς Remark 5.6. Let us emphasize that the previous theorem is the first topological version of Levinson's theorem when an infinite number of eigenvalues is involved. Note however that a generalized Levinson's theorem involving an infinite number of bound states already appeared in [9, 14] , but it corresponds to a relation between the asymptotic behaviors of the spectral shift function and of the eigenvalues counting functions. A deeper understanding of the relation between our result and the results contained in these papers would certainly be valuable.
